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Abstract 

The true probability of a European call option to achieve positive return is 
investigated under the Black-Scholes model. It is found that the probability 
is determined by those market factors appearing in the BS formula, besides 
the growth rate of stock price. Our numerical investigations indicate that 
the biases of BS formula is correlated with the growth rate of stock price. An 
alternative method to price European call option is proposed, which adopts 
an equilibrium argument to determine option price through the probability of 
positive return. It is found that the BS values are on average larger than the 
values of proposed method for out-of-the-money options, and smaller than 
the values of proposed method for in-the-money options. A typical smile 
shape of implied volatility is also observed in our numerical investigation. 
These theoretical observations are similar to the empirical anomalies of BS 
values, which indicates that the proposed valuation method may have some 
merit. 

Keywords: Black-Scholes formula, probability of positive return, growth 
rate of stock price, equilibrium option pricing. 



1. Introduction 

The departure of market prices from their theoretical Black-Scholes (BS) 
values has been discussed for a long time, and many market factors have been 
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used to explain those anomalies, such as volatility, interest rate, moneyness, 
time to expiration, transaction costs, market liquidation, trading volume, 
bid-ask spread, option open interest, and short sale constraints, etc. Exam- 
ples of these studies include S, 0, S @, 0], and the references therein. 
Although the growth rate is an important factor to describe the dynamics 
of stock prices, it is rarely discussed in the literature for the biases of BS 
formula, except the work of fs*] . The purposes of this paper are to identify 
whether the growth rate of stock price can be used to explain the biases of 
BS formula, and to determine the price of European call option through an 
equilibrium argument under the BS model. 

Risk neural valuation approach was first introduced by [§], and has been 
extended by j^, [l^, H, 12], and others. The risk neural price of an option 
is the discounted expectation of its payoff under a risk neural pricing mea- 
sure, which satisfies the martingale constraint that the discounted process of 
stock price is a martingale under this measure. The existence of risk neural 
martingale measure is equivalent to the absence of arbitrage opportunity. 
[3] investigated the existence of martingale restriction using S&P 100 option 
prices, and found that the data strongly reject the martingale restriction. 
Those observed anomalies of BS formula indicate that options should be 
valued by equilibrium methods rather than no-arbitrage models 

It is the physical measure of the market that determines the dynamics of 
stock price, rather than the artificial equivalent martingale measure, therefore 
the true probability of an option to bring a positive return to the holder is 
calculated under the physical measure. The probability is determined by all 
of the market factors appearing in the BS formula, besides the growth rate 
of stock price. 

Our numerical investigations show that when the growth rates are nega- 
tive, there is almost no option with probability of positive return larger than 
50% with respect to their BS prices. When the growth rates are positive, the 
probabilities are on average larger than 50% for in-the-money options, and 
less than 50% for out-of-the-money options. Therefore the equilibrium prices 
should be adjusted from their BS values, such that the market prices are on 
average larger than the BS values for in-the-money options, and less than 
the BS values for out-of-the-money options. These theoretical predictions 
are similar to the empirical results reported by [2|, where the market prices 
are on average lager than the BS values for in-the-money options, and less 
than the BS values for out-of-money options. 

A equilibrium argument is applied to determine the option price through 



2 



the probabilities of positive returns. The market clearing price is the price at 
which both parties in the transaction come to an agreement on the probability 
of positive return. The individual requirements for probabilities of positive 
returns can be different among the investors according to their attitudes to 
risk, and the option price can be calculated for each specified probability of 
positive return. 

The performance of the proposed method and the BS formula are com- 
pared numerically under the BS model. It is found that the values of proposed 
method are on average larger than the BS values for in-the-money options, 
and less than the BS values for out-of-the-money options. And a typical 
smile shape of implied volatilities is also observed for different growth rates 
of stock prices. These theoretical phenomenon are similar to the empirical 
anomalies of BS values reported by [21,0,01, which indicate that the proposed 
valuation method may have some merit. 

The rest of this article is organized as follows. Section 2 derives the prob- 
abilities of positive returns for European call options under the BS model, 
and investigates the influence of market factors on the probabilities numer- 
ically. Section 3 determines the option price using probability of positive 
return. Section 4 compares BS formula with the proposed method from their 
values and the implied volatilities respectively. Section 5 summarizes this 
paper and discusses the results. 

2. Probabilities of Positive Returns 

2.1. The Black-Scholes Model 

In the Black-Scholes framework, the market is frictionless, and the dy- 
namics of stock price is described by a geometric Brownian motion. 



where St is the stock price at time t, jj, is the expected growth rate of stock 
price, a is the volatility, Wt is a standard Brownian motion. The solution of 
equation ([1]) is 



where 5*0 is the stock price at time zero, T is the time to expiration of the 
option. 



— ^ = /idt + adWt 



(1) 




(2) 
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The Black-Scholes price for a European call option is 



C = SoN{di) - Ke-'' N{d2), (3) 

where K is the strike price of the option, N(-) is the cumulated distribu- 
tion function of standard normal distribution, r is the compounded riskless 
interest rate, and 

iog(») + (. + X)r iog(f) + (.-i.^)T^ 

(4) 

The risk neural price of option is determined by those market factors, 
except the growth rate of stock price. Therefore most of the empirical studies 
do not use growth rate of stock price to explain the biases of BS formula. 

2.2. Probabilities of Positive Returns 

It is the physical measure of the stock market which determines the dy- 
namics of the stock price, therefore the true probability of positive return 
should be calculated under the physical measure, instead of the artificial 

martingale measure. Let C denote the price of a European call option at 
time zero, and Pr denote the physical measure, then the probability of pos- 
itive return is 

piC) = Pr {{St K)+ - Ce'^ > O} , (5) 
where {St — K)^ = max {0, St — K}. We have the following result. 

Proposition 1. In the Black-Scholes model, when a European call option 
matures, the probability for a holder to achieve positive return is 

p{C) = N{e^)■N{e2), (6) 

where 

_ iog(f) + (//-ia^)r _ iog(^) + (/^-i^^)r 

N{-) is the cumulated distribution function of standard normal distribution, 

C is the price of the call option, Sq is the stock price at time zero, K is the 
strike price, /i is the growth rate of stock price, a is the volatility, r is the 
riskless interest rate, and T is the time to expiration. 
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Proof. See Appendix A. 



□ 



Proposition 2. The probability of positive return is a decreasing function 
of C , K , a and r respectively, and is an increasing function of /i and Sq 
respectively, when the other factors are held constant. 

Proof. The proof is directly from the monotonicity of distribution function. 

□ 

The probabihties of positive returns for different options will be observed 
by the investors from the historical data, and the holders will try to buy the 
options with probabilities beyond their individual requirements, and wouldn't 
buy the options with lower probabilities. The option price will be adjusted 
according to their probabilities of positive returns to clear the market. The 
equilibrium price of an option is a balance of probabilities for both parties 
in the transaction. 

2.3. Probabilities and Biases of BS Formula 

As the probability of positive return is determined by the market factors, 
we try to explain the observed biases of BS formula from the compositions 
of market factors. The probabilities of positive returns are calculated with 
respect to the BS values, and the compositions of market factors whose prob- 
abilities of positive returns are beyond 50% are plotted in Figure [U 

Set the market factors as = 100, K/Sq E [0.8, 1.2], fi E [-0.4,0.4] per 
year. The compositions of {K,fi,r) are computed with cr = 0.1 per year, 
T = 60 days, r E [0.001,0.3] per year. The compositions of {K,fi,a) are 
calculated with r = 0.05 per year, T = 60 days, a E [0.001, 0.2] per year. 
And the compositions of {K,n,T) are calculated with r = 0.05 per year, 
a = 0.1 per year, T E [1, 120] days. 

From figure ([1]), we can see that the probabilities of positive returns must 
be less than 50%, when the growth rates of stock prices are negative. The 
probabilities are on average beyond 50% for in-the-money options, and below 
50% for out-of-the-money options, when the growth rates of stock prices are 
positive. The option holders will try to buy the options with probabilities 
beyond 50%, and not to buy the options with probabilities below 50%, which 
makes the market prices are on average larger than the BS values for in-the- 
money options, and less than the BS values for out-of-the-money options. 

It is interesting to find that these theoretical predictions are consistent 
with the empirical observations of , where the market prices are on average 
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Figure 1: Compositions of K r, a, T with probabilities larger than 50%. 



lager than the BS values for in-the-money options, and less than the BS values 
for out-of-the-money options. Therefore the observed anomalies of BS values 
may be correlated with the growth rates of stock prices, and the probabilities 
of positive returns should be taken into account in derivative valuation. 



3. Probability of Positive Return and Option Price 



When there are transaction costs or other frictions, [13|, [ij, Il5| show that 
the no-arbitrage conditions only place bounds on option prices, therefore the 
prices of options should be determined through equilibrium methods, rather 
than no-arbitrage models The financial market without friction has been 
discussed in the previous section, and the numerical investigations indicate 
that the BS values should be adjusted according to their probabilities of 
positive returns, therefore BS values are not the equilibrium prices of options. 

An equilibrium argument can be applied to determine the fair price of 
option through the probability of positive return. If the probability of posi- 
tive return is larger than the equilibrium level, the investors would try to buy 
this option until the option price increases to eliminate the extra possibility 
of positive return. And the investors would not buy the options with prob- 
abilities below the equilibrium level, until the option price decrease enough 
to compensate the risk of negative return. On the other hand, the require- 
ments of probabilities to achieve positive returns may be different among the 
investors according to their attitudes to risk. 

The option price can be deduced from ([H]), if the equilibrium probability 
p is determined previously, and we have the following proposition. 

Proposition 3. In the Black-Scholes market, if the equilibrium probability 
of positive return is p, and p < N{ei), the equilibrium price of a European 
call option is 

C{p) = 5oe-^^^"(^)+(^'^'--^'^')^ - e-^^K (8) 

Otherwise, the required probability of positive return is beyond the the prob- 
ability of the option to be exercised, therefore C{p) does not exist (NaN). 
Where A^~^(-) is the inverse function of the standard normal distribution 
function. 

Remark 1. From equation we can find that the individual attitude to 
risk is important to option valuation. The true probability of an option to be 
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exercised is N{ei), and those investors, whose individual requirements for the 
probabilities of positive returns are beyond N{ei), would not buy this option. 
As market prices should lie in the no-arbitrage bounds, the option price C{p) 
will be modified as min {O, S'o — e~^^K^ < C*(p) < 5*0. 

Proposition 4. In the Black-Scholes model, the equilibrium option price 
C{p) is a decreasing function with respect to p. 

Proof. It is directly from equation ([H]). □ 

This proposition says that the investors, whose requirements for proba- 
bihties of positive returns are larger than p, would not buy the options with 
prices beyond C{p). On the other hand, these investors will buy the options 
with prices below C(p). 

4. Comparisons of the Two Option Prices 

4.1. Growth Rates and Biases of BS Values 

In order to investigate the performance of the proposed method, set the 
market factors as S'o = 100, r = 0.05 per year, cr = 0.1 per year, T = 60 days, 
and calculate the call option prices for K/S G [0.8,1.15], /i G [—0.25,0.25] 
per year, using both BS formula and the proposed method. The results are 
reported in table ^ and table ([2]) with respect to p = 20% and p = 50%. 

From table ([H), we can find that the BS values are systematically larger 
than or equal to those C(20%) values for all of the strike prices, when the 
growth rates are between —0.25 to —0.07. For those deep in-the-money 
options, the BS values are gradually less than the C(20%) values, when 
the growth rates are larger than —0.05. For those slightly in-the-money 
options, the BS values are most likely larger than those C(20%) values, when 
the growth rates are between —0.05 to —0.01. When the growth rates are 
larger than 0.01, the BS values of in-the-money options are all less than the 
C(20%) values. For those deep out-of-the- money options, the BS values are 
systematically larger than those C(20%) values. For those slightly out-of- 
the-money options, the BS values are less than the C(20%) values, when the 
growth rates are larger than 0.13. 

A similar phenomena is observed in table ([2]) with p = 50%. We can 
conclude that the values of proposed method are on average larger than the 
BS values for in-the-money options, and less than the BS values for out-of- 
the-money options in our numerical investigations. It is interesting to find 
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Table 1: BS values and C(20%) values for different growth rates. The strike prices are listed in the first row, and the second 
row are the BS values corresponding to those strike prices. The growth rates of stock price are listed in the first column, 
varying from —0.25 to 0.25 per year. And the C(20%) values are reported according to the growth rates and strike prices 
respectively. NaN means that there is no possibility to achieve positive returns with probabilities larger than 20% under the 
specified market. 
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Table 2: BS values and C(50%) values for different growth rates. The strike prices are listed in the first row, and the second 
row are the BS values corresponding to those strike prices. The growth rates of stock price are listed in the first column, 
varying from —0.25 to 0.25 per year. And the C(50%) values are reported according to the growth rates and strike prices 
respectively. NaN means that there is no possibility to achieve positive returns with probabilities larger than 50% under the 
specified market. 
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Figure 2: The surface of implied volatilities and the reference line. 

that those theoretical observations are consistent with the empirical results 
of [2I, where the market prices of options are on average larger than the BS 
values for in-the-money options, and less than the BS values for out-of-the- 
money options. 

4-2. Implied Volatility 

As the influence of growth rate has been taken into account in the values of 
C{p), it is possible to investigate the implied volatilities for different growth 
rates with respect to BS formula. Set the market factors as Sq = 100, 
T = 60 days, a = 0.1 per year, r = 0.05 per year, p = 0.5, K/S G [0.8, 1.2], 
/i G [—0.1, 0.25] per year. The surface of implied volatilities for different /i is 
plotted in figure ([2]). 

From figure ([2]) , we can see that there is significant inconsistency of im- 
plied volatilities using the C(50%) values as market prices. The shape of the 
implied volatilities is similar to the empirical results of many authors, such 
as 0]. Therefore the growth rate of stock price should be used to explain 
the biases of BS formula, and the probabilities of positive returns should be 
taken into account in derivative valuation. 
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5. Conclusions and Discussions 

The biases of Black-Scholes formula have been discussed widely for a 
long time, and many market factors have been used to explain the observed 
anomalies of BS values, such as strike price, volatility, time to expiration, 
bid-ask spread, trading volume, option open interest, transaction cost, etc. 
Although the growth rate is an important factor to describe the dynamics 
of stock prices, it is rarely discussed in the literature for the biases of BS 
formula. Most of the reason is that the physical growth rate of stock price 
is eliminated on the procedure of risk neural valuation, and the resulted 
option price is not correlated with the growth rate. The influence of growth 
rate on the biases of BS formula is investigated under the BS model, and 
it is found that the larger the growth rate, the more possible the option 
to be exercised with positive returns. Therefore the BS values are not the 
equilibrium prices, and the market prices need to be adjusted from their BS 
values to the equihbrium prices, according to the probabilities of positive 
returns. 

An alternative valuation method for European call option is proposed in 
this paper. The probability of positive return is used to identify the risk 
of holding an option, and the equilibrium price of option will balance the 
requirements for probabilities of positive returns between the both parties in 
the transaction. The performance of BS formula and the proposed method 
are compared under the BS model, and it is found that the values of proposed 
method are on average larger than the BS values for in-the-money options, 
and less than the BS values for out-of-the-money options. These theoretical 
phenomenon are similar to the empirical results reported by 0], if we take 
the values of proposed method as the market prices. 

The values of proposed method are also used to calculate the implied 
volatilities from BS formula. It is found that the shape of implied volatilities 
is similar to the empirical observations, such as From the biases of BS 
values and the shape of implied volatilities in our numerical investigations, we 
can conclude that there must be some similarity between the market prices 
and the values of proposed method, therefore the proposed valuation method 
may have some merit. 

As the focus of this paper is to discuss the possibility to explain the 
observed anomalies of BS formula by the growth rate of stock price theo- 
retically, the empirical performance of the proposed valuation method is not 
investigated in detail. Future research should investigate the empirical per- 
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formance of the proposed method, and pay more attention to the mechanism 
of market equihbrium, when the probabihties of positive returns are taken 
into account in the investment decisions. 
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Appendix A. The proof of Proposition [T] 

Proof. The probability of positive return can be rewritten as 

p{C) = Pr{{ST-K)+-Ce''^>0\ST-K>0}-Pr{ST-K>0} 

+Pr{{ST - K)+ - C7e^^ > 0\St - K < O} ■ Pr {St - K < 0} 

= Pr{ST>K}-Pr{ST>K + Ce''^}. (A.l) 

On the other hand, we have 

Pr {St >K} = Pr S^Soexp (^aWT + (^/U - ^a^^ > K 



aVr crVT J 

= N{ei). (A.2) 
Following a similar procedure, we have 

Pr{ST>K + Ce'-^]=N{e2), (A.3) 
and the desired result will follow. □ 

Appendix B. The proof of Proposition [3] 

Proof. When p > N (ei) is held, the inverse function A^^^ (iv^T)) dose not exist. 
When p < N (ei) is held, from p = N{ei)N{e2), we have N (62) = 77^^; and it 
follows that 

On the other hand, we have 

e2 = ^ . (B.2) 

Substituting ()B.2p into (jB.ip . the desired result follows. □ 
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